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Abstract:  
Dark matter, a conjectured substance not directly observable but which has tremendous mass, 
was proposed to explain why galaxies hold together and rotate faster at their edges than predicted 
by Newton's Inverse Square (1/r2) Law of Gravity.  Here we propose an alternative, an Inverse 
Law (1/r), which explains galactic morphology and rotation without dark matter.  By varying 
initial conditions, the Inverse Law can systematically and easily generate realistic galactic 
formations including spirals, cartwheels (extremely difficult under Newtonian gravity), bars, 
rings, and spokes.  This model can also produce filaments and void structures reminiscent of the 
large-scale structure of the universe. Newtonian gravity cannot do all this without dark matter. 
Occam's Razor suggests that at galactic scales, gravity should be 1/r and dark matter is 
unnecessary. This simple model with its self-organizing emergent properties, combined with 
dynamical systems theory, has broader implications. It may help us understand more complex 
systems. 
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Main Text:  
 
Introduction 
 
It is well known that Newton’s Law of Gravity, when applied to galactic dynamics, leads 
to a large amount of missing matter that is not directly observable. Early in the 20th century, Oort 
(1) and Zwicky (2, 3) first discovered this phenomenon which Zwicky named, dark matter. 
Reuben & Ford (4) confirmed this. They observed that stars at the edge of galaxies move faster 
than predicted by Newton’s 1/r2 Inverse Square Law of Gravity. This discrepancy is called the 
“Rotation Curve Problem” and currently is solved by adding dark matter around a galaxy. In this 
work, we propose an unorthodox but simple change of Newton’s 1/r2 to 1/r for the weak-field 
approximation of gravity at the galactic scale. This approach solves several significant problems 
in galactic dynamics using the naïve (in the technical sense) direct simulation of the N-Body 
Problem in 2 dimensions. Surprisingly, it produced a series of realistic galaxy figures with flat 
rotation curves (which give correct rotation velocities at the edge of the galaxies) without dark 
matter. Both ring galaxies (Figure 1) and spiral galaxies (Figure 2) can be generated form this 
same model by simple changes to the initial conditions. Newtonian gravity cannot do this 
without dark matter as shown by Ostriker and Peebles (5). In particular, Toomre (6) showed the 
Cartwheel Galaxy can only be generated by the collision of two galaxies in Newtonian models 
(Compare our simulated Cartwheel Galaxy in Frame 100, Fig. 1, to the real Cartwheel Galaxy 
ESO 350-40 in the lower right corner of Fig. 1; both have an inner and outer ring connected by 
slightly curved spokes. Also compare our simulated spiral galaxy in Frame 30, Fig. 2, with the 
Barred Spiral Galaxy NGC1300 in the lower right corner of Fig. 2; both have two spiral arms, a 
bar, and a central core. Frame 110 of Fig. 2 shows the spiral galaxy evolved a typical ring 
surrounding the bar as well. 
 
 Use of the 1/r force for gravitation is not new. Fabris and Campos (7) and references 
therein pointed out numerous modifications to the theory of gravity recurrently in the literature. 
They cited no less than six different physical theories which added a 1/r term  to gravity. These 
theories range from general relativity, string theory, quantum gravity, TeVeS theory, their own 
theory, and MOND theory (Modified Newtonian Dynamics, Milgrom (8, 9)). What is novel 
about our approach is the choice to retain only the 1/r term as the weak-field approximation of 
gravity to study dynamics at the galactic scale. This allowed us to simulate galaxies without dark 
matter or additional assumptions and constraints like relaxation techniques or needing the system 
to be in special equilibrium states.  This greatly simplified the modeling, solves the Rotation 
Curve Problem, but, apparently, still captured some of the key global features of galactic 
dynamics. In the tradition of celestial mechanics, we call this model the “Restricted N-Body 
Problem” (RNBP).  
 
 RNBP galaxies undergo significant evolution in morphology with nearly periodic 
coherent structures. The periodic evolution of the morphology and the simplicity of the model 
suggest the use of dynamical systems theory to analyze the evolution of these coherent 
structures. In addition to giving insights into galactic dynamics, the RNBP may also provide a 
useful model to study more complex evolutionary processes with emerging structures such as in 
molecular dynamics or biological systems. 
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Figure 1. Case A (Table S1.) Simulated evolution of the Cartwheel Galaxy at Frames 0, 60, 100, 
compared with the Multispectral false color image of Cartwheel Galaxy ESO 350-40 (Credit: 
NASA/JPL-Caltech) in the lower right corner. Particles are color-coded by distance from galaxy 
center in Frame 0 by the color bar. Little mixing occurs as shown by the colors. Rings form by 
density waves travelling through the spokes which look like invariant manifolds of resonant 
periodic orbits in dynamical systems theory. See the additional figures in the Supporting 
Information attached, and the animation http://martinlo.com/Home/Cartwheel_Movie.html on-
line. 
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Figure 2. Case B (Table S1). Simulated evolution of the barred spiral galaxy with ring at Frames 
0, 30, 110. Compare Frame 30 with the Barred Spiral Galaxy NGC1300 (Credit: ESO/P. 
Grosbøl).  Particles are color coded by distance from galaxy center in Frame 0 by the color bar. 
Little mixing occurs as shown by the colors. A bar, ring, and two spiral arms develop with the 
bar spinning around the ring. See the additional figures in the Supporting Information attached, 
and the animation http://martinlo.com/Home/Spiral_Galaxy_Movie.html on-line. 
 
N-body Model of a Galaxy with 1/r Force 
 
The equations of motion for the Restricted N-Body Problem (RNBP) are given by Eqs. 
(S1) and (S2) in the Supporting Information Appendix. Objects in the Supporting Information 
are number as S1, S2, etc. Our particles are assumed to be abstract point masses each of which 
should be thought of as a large cluster of stars and not as single stars. The 1/r force law is a 
central force with potential equal to log(r).  
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We restrict our attention to the 2-dimensional case to keep the model simple for analysis. 
Ring galaxies and spiral galaxies are typically very flat, so a 2D planar model is reasonable. 
Extension to 3 dimensions is straightforward by adding more components to the position, 
velocity, and force vectors.  
 
To gain insight for interpreting the simulations, we examine the Two Body Problem first. 
This is a central force, so energy, momentum, and angular momentum are conserved. Hence, a 
Two Body orbit moves in a fixed orbital plane normal to the angular momentum vector (Pollard 
(10)). Bertrand’s Theorem (Bertrand (11), Goldstein (12)) (implies that the 1/r force has no 
periodic orbits besides circular orbits. Interestingly, all circular orbits in this potential have 
constant velocity,  
 
vc = ΓM ,         (1) 
 
where Γ is a new gravitational constant different from Newton’s gravitational constant G and M 
is the mass of the central body. This is seen by equating centripetal acceleration with 
gravitational acceleration  vc
2 / r = ΓM / r  and simplify. 
 
Another interesting property of the Two Body orbits of the 1/r force is that they are all 
bounded in an annulus. They cannot collapse to 0 or escape to infinity! This is seen from the 
Two Body Energy,  E = v
2 / 2 + ΓM log(r) , which with algebra yields r < exp(E / ΓM ) < ∞ . The 
1/r force is much stronger than the 1/r2 force.  
 
Simulations Of Galaxies With 1/R Force 
 
 We use the symplectic Euler integrator with difference equations Eq. (S5) (Lambers and 
Lof (13) , Lambers (14)). The units are non-dimensional and normalized. For simplicity, all 
particles have mass = 1. The initial conditions for the position and velocity of the ith particle are 
given in Eq. (2)m 
 
 
 
ri 0 :   xi0  =        ρi cos(θi ),    yi0  =  ερi sin(θi ),
vi0 :   xi0  =  −Vρi sin(θi ),    yi0  =  Vρi sin(θi ).
   (2) 
 
The ρi’s are uniformly random numbers from 0 to 0.25; the  θi’s are uniformly random angles 
from 0 to 2π. V is the velocity scale factor around ~50. The shape factor ε is set to 1 for a circular 
distribution (for ring galaxies) and ε < 1 for an elliptical distribution (for spiral galaxies). Since 
the uniform distributions are in polar coordinates, the effect in Cartesian coordinates is a 
distribution with particle density increasing towards the center of the galaxy at ( 0, 0 ) . This 
simulates the greater mass at the center of galaxies. This turns out to be important for the 
evolution of the galaxies (see Case C below). Each particle is given a velocity transverse to its 
position vector from the center of the galaxy, ( 0, 0 ), to create a spin and avoid total collapse to 
the center. The particles are color coded by their initial distance from the galactic center so they 
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can be tracked by their colors as the galaxy evolves. The gravitational constant Γ= 0.05 and the 
time step Δt = 10−4 . Recall that Γ is a new gravitational constant different from Newton’s G. 
 
 The shape of the initial conditions determines the morphology of the galaxy and its 
development. The shape factor ε set to 1 gives a circular distribution for Case A which resulted 
in cartwheel galaxies. Setting ε < 1 gives an elliptical distribution for Case B which resulted in 
spiral galaxies. Hence, in the RNBP model, the morphology of galaxies are easily controlled by 
the density and shape of the initial distribution of particles. 
 
The number of particles for the simulations ranged from 2500 ≤ N ≤ 4000. The 
simulations were programmed in Matlab and F77. A simulation with 4000 particles and 2000 
time steps requires ~10 minutes on a MacBookPro laptop. Due to the symplectic nature of the 
integrator, the energy variations (Eq. S3) of the simulations are always under 1%. 
 
 We examined four cases: (A) The Cartwheel Galaxy, (B) A Barred Spiral Galaxy, (C) A 
Uniformly Distributed Galaxy without a massive central core, and (D) Collision of Two Galaxies 
(A and B). Table S1 lists the parameters for each case. For the discussion of these cases to 
follow, please view the animations, additional figures and text in the Supporting Information for 
more details. 
 
Case A. The Cartwheel Galaxy: The Cartwheel Galaxy (ESO 350-40) is a one of the rare ring 
galaxies that has a ring within a ring connected by slightly curved spokes. Zwicky (15) 
discovered it and  called it “one of the most complicated structures awaiting its explanation on 
the basis of stellar dynamics”. Under Newtonian gravity, Toomre (6) showed the only known 
method to simulate the Cartwheel Galaxy is by colliding two galaxies. However, with the 1/r 
force, the Cartwheel Galaxy evolves naturally from a circular distribution of randomly placed 
particles described by Eq. S5 and Table S1. 
 
Fig. 1 provides 3 Frames from the Movie S1 to show the evolution of the Cartwheel 
Galaxy simulation. Frame 0 shows the initial circular distribution with a radius of 0.25 and a 
higher concentration of particles at the origin. The units are selected to keep the simulation 
within the square [-1, 1] × [-1, 1]. The particles have a counterclockwise rotation. Initially, the 
entire galaxy contracts towards the center. In Frame 60, one can see the radius of the galaxy 
shrank from 0.25 to 0.2. The dark yellow and red center is much denser in Frame 60 where the 
greenish ring has now formed which grew out of the center from a density wave. In Frame 100 
the ring has expanded to the edge of the galaxy and the color has now changed to blue. This 
shows that as the density wave pulses outwards, particles are not being carried along very far. In 
Frame 100, one can also see a new yellow ring formed closer to the center. In fact, a series of 
three rings can be seen at one time in the animation. Between the rings, spokes have formed, 
giving the Cartwheel Galaxy its distinct wheel shape. These spokes are highly reminiscent of 
invariant manifolds of unstable resonant orbits in the Restricted Three Body Problem. In fact, 
Athanassoula, Romero-Gomez, & Masdemont (16, 17) have shown, for a static galactic potential, 
that rings, bars, and spiral arms are indeed formed from invariant manifolds of periodic orbits. 
For our dynamic potential, these manifolds appear to be Lagrangian coherent structures. 
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Case B. The Barred Spiral Galaxy: Spiral galaxies are the quintessential galaxies we typically 
think of. For Case B, ε = 0.25, Frame 0 of Fig. 2 shows the initial conditions of the simulation. 
The galaxy first contracts from a radius of 0.25 to 0.2 as shown in Frame 30 of Fig. 2 where it 
has developed two spiral arms and a central bar. Traces of spoke-like structures can be seen 
connecting the arms to the central bar. From the animation, a density wave pulses from the center 
trying to form a ring. But due to the elliptical distribution, only two fragments of the ring are 
formed which became the arms. In Frame 110, an elliptical ring has formed to contain the bar. 
The bar actually spins inside this eye-shaped structure. The arms break up partially in Frame 
110, but reform again in later Frames. 
In both Cases A and B, the galaxy is constantly evolving and going through a series of 
nearly periodic structures. Recent work showed strong evidence that disk galaxies have under 
gone strong dynamical evolutions throughout the last 8 – 11 Gyr (Kassin et al. (18), Epinat , 
Amram, Balkowski, & Marcelin (19), Yang et al. (20), Neichel et al. (21)). The RNBP shows 
both ring and spiral galaxies undergo substantial evolutions which are nearly periodic. All of the 
intermediate shapes and structures produced by RNBP appear to be consistent with observed 
galaxies. 
 
Case C. Uniform Galaxy: For Case C, the initial particles are uniformly distributed in Cartesian 
coordinates as shown in Figure 3, Frame 1, and Table S1. This example shows the significance 
of a massive central core to the morphology and evolution of the galaxy which we now describe. 
 
An interesting observation in Frame 100 (Fig. 3), the particles clumped to form voids and 
filaments reminiscent of the large scale structure of the universe. Thereafter, this galaxy was 
never able to form a consistent massive core. At Frame 343, it produced a loosely organized 
galaxy with shadows of multiple spiral arms for a short duration. By Frame 2401, it evolved into 
an elliptical galaxy. More than 10,000 Frames later, it remained an elliptical galaxy, the shape of 
the oldest known galaxies. Case C suggests that a massive central core is critical for the 
formation of ring and spiral galaxies. 
 
Case D. Colliding Galaxies: In Case D, we collided the Cartwheel Galaxy (4000 particles) with 
the Barred Spiral Galaxy (1500 particles). The results are shown in Figure 4 below. Frame 2 
shows the two galaxies approaching one another. Frame 101 shows the two galaxies after 
multiple collisions but still separate. Frame 525 shows the two galaxies merged into an elliptical 
galaxy. The same software used to simulate the Cartwheel Galaxy and the Barred Spiral Galaxy 
was used to simulate the colliding galaxies. This shows how easy this kind of numerical 
experiments can be performed with the 1/r force because of its numerical stability. 
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Figure 3. Case C (Table S1). Evolution of Uniform Distribution Initial Condition. Frame 1 shows 
the uniform random distribution initial condition. Here the rotation is slowed down: V=25. Frame 
100 shows filament and void clumping reminiscent of the large scale structure of the universe. 
Frame 343 shows multiple spiral arms and a central core forming. Frame 2401 shows a final 
steady state elliptical galaxy.  See http://martinlo.com/Home/Uniform_Galaxy_Movie.html  on-
line. 
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Figure 4. Case D (Table S1). Two Colliding Galaxies. Frame 2 shows the two galaxies 
approaching. Frame 101 is after several collisions. Frame 525 shows the two galaxies have 
combined and formed a steady state elliptical galaxy after multiple collision encounters. See the 
animation http://martinlo.com/Home/Galaxy_Collision_Movie.html on-line. 
 
GALAXY WITH 1/r GRAVITY FORCE HAS CONSTANT ROTATAION CURVE 
  
A key problem in galactic dynamics is the Rotation Curves of galaxies which describes 
the velocity of circular orbits around the galaxy center as a function of orbital radius. Keplerian 
circular orbits with radius r have velocity vk = GM / r , M is the mass of the central body. Thus, 
away from the center of the galaxy, circular velocity should become smaller. However, Rubin & 
Ford (4) observed the opposite: away from the center of the galaxy, they found the circular 
velocity to be nearly constant which produced a flat rotation curve. Recall the circular velocity 
for the Two Body Problem for the 1/r force is a constant, vc = ΓM . Surprisingly, for any N 
particles in the RNBP, the average circular velocity is still a constant, vc = ΓM , where now M 
= total mass of the galaxy. 
 
The rotation curve for N bodies at a distance r from the center of the N-bides is given by 
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vc (r) = r
d〈Φ〉(r)
dr ,
〈Φ〉(r) = 12π Φ(
r ) r dθ
r = r
∫ ,     Φ(r ) = −Γmi log r − ri
i=1
N
∑ = Φi (
i=1
N
∑ r ),
 
( 7 ) 
where 〈Φ〉(r) is the azimuthal average of the log(r) gravitational potential of the galaxy at 
distance r from the center of the galaxy (Tremaine (22), Binney & Tremaine (23)). We showed in 
the Supporting Information Appendix that the rotation curve can be reduced to two definite 
integrals which by symmetry and cancellations reduces to the constant rotation curve, 
vc (r) = ΓM . 
 
 The significance of our calculations is that they are valid for ANY DISTRIBUTION of N 
particles in ANY CONFIGURATION during any time step of the simulation under the 1/r force. 
Thus the rotation curve for the 1/r force and the RNBP model is always a constant ΓM  and 
dark matter is not needed. This solves the Rotation Curve Problem. 
 
 Of course, the actual rotation cruves of galaxies are not flat towards the center of the 
galaxy. Since near the center of the galaxy, the assumption of the far-field approximation of 
gravitation fails, so one should not expect the 1/r force to be working in this regime. The 
transition from 1/r to 1/r2 force is an unsolved problem in fundamental physics beyond the scope 
of this paper. 
 
As a corollary, since we are able to measure the rotation curves of real galaxies, this 
suggests a potentially new approach to estimate the total mass M of a galaxy. Of course, since 
real rotation curves are not constant near the center of galaxies where most of the mass of the 
galaxy is concentrated, more careful thought is needed for estimating the total mass M of 
galaxies this way. 
 
THE log(r) POTENTIAL SATISFIES GAUSS’ LAW IN 2D BUT NOT IN 3D 
 
The log(r) potential is harmonic in 2D but not in 3D. This means that it satisfies Gauss’ 
Law in 2D, but not in 3D. This has some significant consequences. Gauss’ Law states that the 
Newtonian gravitational flux, FNewton(S), through any closed surface, S, is proportional to the 
total mass,  M, enclosed by S. Assume S is a sphere of radius r enclosing the point mass M at the 
center of S. Eq. (8) gives the flux for the general force laws, 1/rn , n=1, 2, 3, … 
 
F(S) = ΓMrnS∫
r2dΩ = 4πr2−nΓM      (8) 
where Ω is the solid angle of the unit sphere and r2dΩ = dS is the infinitesimal area element of 
the sphere S of radius r.  For Newtonian gravity, n=2 and FNewton (S) = 4π GM is a constant. But, 
for the log(r) potential, n=1 and Flog(r ) (S) = 4πrGM depends on r. In fact Flog(r)(S) depends on the 
size and shape of the surface S, and Flog(r ) (S) ≠ 0 even when S does not contain the mass M! This 
suggests potentially a way to estimate the distribution of matter within a galaxy by measuring the 
flux Flog(r)(S) and using inverse methods. Thus, here on Earth at the far edge of the Milkyway, we 
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are able measure a non-zero Flog(r)(S) which may yield some information about the mass 
distribution within the Milkyway. Or by measuring Flog(r)(S) in a small volume in the direction of 
another galaxy like M31, we may be able to extract information about its mass and distribution. 
 
CONCLUSIONS AND FUTURE WORK 
 
 In this paper we proposed the Restricted N-Body Problem (RNBP) with 1/r force for the 
far field approximation of gravity at the galactic scale. This enabled a naive direct N-Body 
simulation of galaxies in 2D with a flat rotation curve without dark matter. Simulations of 2D 
RNBP galaxies produced realistic looking galaxies that do not require assumptions of 
equilibrium states or relaxation techniques. The RNBP model is able to produce both the 
Cartwheel Galaxy and Barred Spiral Galaxies by simple variations in the initial conditions. We 
also showed the RNBP does not satisfy Gauss’ Law in 3D. This suggests potentially new 
methods to measure the total mass and distribution of matter in galaxies. 
 
The RNBP has many directions for future work. The most important is to verify and 
understand the fundamental physics of 1/r gravity and how gravity scales from 1/r2 at the scale 
of the solar system to 1/r  at the galactic scale and beyond. The simplicity of RNBP allows for a 
dynamical systems analysis of the evolution and structures of galaxies. For example, the density 
waves creating the rings, spokes, spiral arms and bars appear, from the simulations, to be 
coherent structures controlled by invariant manifolds and symmetry properties of the initial 
conditions. This approach may provide a systematic theory for the formation, evolution, and 
classification of galactic structures. The RNBP from N=2, 3, 4 to N >> 1 provide a new family of 
classical mechanics problems which have somehow escaped the attention of researchers (see 
Saari (24, 25)). Every theorem in Newtonian celestial mechanics could be reinterpreted under the 
1/r force. 
 
Finally, the RNBP is perhaps the simplest of N-Body models with evolutionary and emerging 
properties. Moreover, it is numerically robust and highly stable. Simple mathematical models 
like the Three Body Problem or Henon’s Map have played major roles in the development of 
science. Given the success of dynamical systems theory in the analysis of galaxies with static 
potentials by Athanassoula, Romero-Gomez, & Masdemont (17), similar approaches to study the 
RNBP will help us unravel the complex dynamics and controls behind the morphogenesis of the 
RNBP. Seeing the galactic structures emerge and evolve in the RNBP animations, one can 
imagine chemcial or biological systems undergoing similar dynamics and evolutions. The 
insights gained from studies of the much simpler RNBP will provide a foundation and stepping 
stones for approaching other N-Body systems with more subtle forces and more complex 
dynamics. In addition to contributions to the scientific problems, the RNBP may also contribute 
to computational algorithms, simulations, and visualizations involving N-Bodies because of its 
simplicity, robustness and stability.  
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I. Supporting Information Appendix 
 
1. Introduction 
 
The Supporting Information Appendix contains the mathematical methods, equations of 
motion, numerical algorithms, additional figures, a table of the cases of galaxies simulated, and 
mathematical proofs of propositions in the main paper. 
 
2. Supporting Methods 
 
N-Body Model Of A Galaxy With 1/r Force 
 
The equations of motion for the Restricted N-Body Problem (RNBP) is given by Eqs. 
(S1) and (S2). Our particles are assumed to be abstract point masses  each of which should be 
thought of as a large cluster of stars. The 1/r force law is a central force with potential equal to 
− log(1 / r) = log(r) 1. Given two particles with mass mi and mj in positions,  
ri  and 
rj , the force of 
particle mj acting on mi with gravitational constant Γ is given by Fij : 
 
Fij =
− Γmimj
rij
rij2
,
rij =
ri −
rj, where
ri = (xi, yi ), a vector in the plane with real coordinates xi, yi, 
rij2 = (xi − x j )2 + (yi − yj )2,
  (S1)  
 
so  rij =  rij

   is the length of the vector, rij

. The force exerted on particle mi by the other N-1 
particles isFi : 
 
Fi = Fij
1≤i< j≤N
∑ = − Γmimj
rij
rij21≤i< j≤N
∑ = −∇iΦ,
Φ =  Γmimj log(rij
1≤i< j≤N
∑ ),
∇iΦ =
∂Φ
∂xi
+
∂Φ
∂yi
.      
(S2)
 
Φ is the potential of the N bodies. Note the gravitational constant Γ here is different from 
Newton’s gravitational constant, G. The total energy of the N-Body system is
 
 
E = mivi
2
2i=1
N
∑ +Φ.         (S3) 
Extension to 3 dimensions is straightforward. These equations are valid in any dimension 
by adding more components to the vector rij

. For this paper, we restrict our attention to the 2-
                                                            
1
 We use the expression –log(1/r) to show how it fits in with the general 1/rn force laws which 
have potentials of the form −1/r n-1 for n > 1. Ours is the special case n=1. 
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dimensional case to keep the model simple for ease of analysis and visualization. Ring galaxies 
and spiral galaxies are typically very flat so a planar model is reasonable. An interesting 
observation is that the log(r) potential is harmonic in 2D but not in 3D. The significance of this 
for galactic dynamics will be explained shortly.  
 
To gain insight for interpreting the simulations, we first look at the Two Body Problem 
with 1/r force by setting i =1,  j = 2  in Equations (S1) and (S2). This is a central force, so 
energy, momentum, and angular momentum are conserved. Hence, a Two Body orbit moves in a 
fixed orbital plane normal to the angular momentum vector (see (Pollard (10)). Bertrand’s 
Theorem (Bertrand (11), Goldstein (12)) implies that the log(r) potential has no periodic orbits 
besides circular orbits. Interestingly, all circular orbits in this potential have constant velocity,  
 
vc = ΓM ,         (S4) 
 
where Γ is the new gravitational constant and M is the mass of the central body. This is seen by 
equating centripetal acceleration with gravitational acceleration  vc
2 / r = ΓM / r  and simplify. 
 
Another interesting property of Two Body orbits of the log(r) potential is that they are all 
bounded in an annulus. There is no escape to infinity in this potential. This is seen from the Two 
Body Energy E,  v
2 / 2 = E − ΓM log(r) ≥ 0 , with algebra yields r ≤ exp(E / ΓM ) < ∞ . This is 
because the 1/r force is much stronger than the 1/r2 force. For Two Body orbits with non-zero 
angular momentum, they are bounded below as well. 
 
Numerical Model Of Galaxies With 1/r Force 
 
 Our numerical model for the RNBP uses the symplectic Euler integrator with difference 
equations at time step n given by (see Lambers & Lof (13), (Lambers (14)): 
vin+1 =
vin + Δt
Fin
mi
,
ri n+1 =
ri n + Δt  
vin+1.
        (S5) 
ri n,
vin, Fin ,are the discretization of the position 
ri , velocity 
vi =
ri , and force Fi of the ith particle 
at the nth time step, nΔt , n=0, 1, 2, ..., with Δt the fixed time step. The problem is scaled so that 
the galaxy is evolving in a [−1, 1 ]× [−1, 1 ]  square to simplify the visualization. The units are 
non-dimensional. For simplicity, all particles are assumed to have mass = 1. The initial 
conditions for the position and velocity of the ith particle are: 
 
 
 
ri 0 :   xi0  =        ρi cos(θi ),    yi0  =  ερi sin(θi ),
vi0 :   xi0  =  −Vρi sin(θi ),    yi0  =  Vρi sin(θi ),
    (S6) 
 
The ρi’s are uniformly random numbers from 0 to 0.25; the  θi’s are uniformly random angles 
from 0 to 2π. V is the velocity scale factor around ~50. The shape factor ε is set to 1 for a circular 
distribution (for ring galaxies) and ε < 1 for an elliptical distribution (for spiral galaxies). Since 
the uniform distributions are in polar coordinates, the effect in Cartesian coordinates is a 
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distribution with particle density increasing towards the center of the galaxy at ( 0, 0 ) . This 
simulates the greater mass at the center of galaxies. Of course, it would be a simple modification 
to place a massive particle at the center to model the massive black hole at the center of galaxies. 
We leave this for future work. But we did look at Case C below with uniform density in 
Cartesian coordinates to see the effect of not having a massive core at the center of the galaxy. 
The initial velocity (Eq. S6) is perpendicular to the orbital radius to provide a rotation. Hence the 
system has a positive angular momentum which prevents total collapse during the course of our 
simulation. The gravitational constant Γ= 0.05 and the time step Δt = 10−4 . We remind the reader 
that Γ is a fundamentally new gravitational constant different from Newton’s G. 
 
The number of particles for the simulations ranged from 2500 ≤ N ≤ 4000. The 
simulations were programmed in Matlab and f77. A simulation with 4000 particles and 2000 
time steps requires ~10 minutes on a MacBookPro laptop. Due to the symplectic nature of the 
integrator, the energy variations (Eq. S3) of the simulations are always under 1%. 
 
3. Supporting Table 
 
Simulation Cases 
 
 We examined four cases: (A) The Cartwheel Galaxy, (B) A Barred Spiral Galaxy, (C) A 
Uniformly Distributed Galaxy without a massive central core, and (D) Collision of Two Galaxies 
(A and B). To really appreciate these models, see the attached Supporting Information and the 
animations (http://martinlo.com/Home/RNBP.html) . Table S1 lists the parameters for each case. 
 
CASE NAME N ε V 
A. Cartwheel  Galaxy 4000 1 50 
B. Barred Spiral Galaxy 4000 0.25 50 
C. Uniform Galaxy 4000 1 25 
D. Collision of 2 Galaxies: 
Barred Spiral Galaxy 
Cartwheel Galaxy 
 
2500 
4000 
 
0.25 
1.0 
50 
 
Table S1. Parameters for simulations. 
 
 To track the particles and detect the amount of mixing as the galaxies evolve in Cases A 
and B, we color coded the particles by their initial distances from the center of the galaxy at time 
t=0 which is Frame 0 of each of the animations. A color bar for Case A, the Cartwheel Galaxy, is 
given in Figure S1, Frame 0. The color bar for Case B, the Spiral Galaxy, is given in Figure S2, 
Frame 0. At the start of each simulation, the red particles are at the center of the galaxy and the 
blue particles are at the outer edge of the galaxy. The figures of the simulations are time-tagged 
by the animation Frame Number at the top left corner of each frame. Depending on the 
simulation, the actual number of time steps Δt  between frames can vary from 1 to 20 for the 
simulations in Supporting Section.
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4. Supporting Figures 
 
Figures For The Cartwheel Galaxy Simulation 
 
 
 
Figure S1. The initial random distribution of particles for the Cartwheel Galaxy simulation. The 
particle color is fixed according to the particle’s initial distance form the center of the galaxy as 
shown in the color bar: red is at the center, blue is at the edge of the galaxy at time 0. 
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Figure S2. Frame 60 has a small yellow ring near the center and a green ring in the middle with 
spokes on either side of the green ring. Spokes connect the green ring to the yellow ring. The 
spokes look like the invariant manifolds of resonant orbits in the Circular Restricted 3 Body 
Problem. It is conjectured a similar dynamics is creating these coherent structures. 
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Figure S3. The ring of the density wave in Frame 60 which was green and located at half the 
radius of the galaxy has now expanded in Frame 100 to the edge of the galaxy and become blue 
particles. The green particles have now become the spokes connect the outer blue ring to the 
inner yellow ring. Whispy spiral arms outside of the blue ring look like invariant manifolds 
(whiskered tori) of resonant orbits in the CR3BP. 
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Figure S4. Animation of the Cartwheel Galaxy simulation using the log(r) potential in the 
Supporting Information (see “The Cartwheel and Spiral Galaxy Movie”). See the main text for a 
description of the evolution of the galaxy. For greater details on Frame 60 and Frame 100 see 
Figs. S3 and S4. 
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Figures For The Barred Spiral Galaxy Simulation 
 
 
 
Figure S5. The initial random distribution of particles for the Barred Spiral Galaxy simulation 
with a shape factor ε = 0.25. The particle color is fixed according to the particle’s initial distance 
form the center of the galaxy as shown in the color bar: red is at the center, blue is at the edge of 
the galaxy at time 0. 
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Figure S6. Frame 30 shows the early development of the Barred Spiral Galaxy simulation from 
the initial elliptical distribution in Frame 0, Fig. 8. This compares well with NGC1300 shown in 
Fig. 1.c and Fig. 1.d. Note the spoke like features connecting the outer edge of the spiral arms to 
the rectangular bar feature at the galactic core. This looks like a cartwheel galaxy with a partial 
ring and spokes. 
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Figure S7. Frame 110 shows the spiral arms breaking up into spoke-like structures. These 
correspond to the whiskers on the outermost rings of the Cartwheel Galaxy. The bar in the center 
is changing phase with respect to the ring surrounding it as the galaxy evolves. 
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Figure S8. Frame 150 shows the two spiral arms have reconstituted from the whiskers in Frame 
110. The bar is surrounded by a smaller circular ring within a larger elliptical ring. The phase of 
the bar within rings have moved counterclockwise from that of Frame 110. 
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Figure S9. These 20 frames from the animation of the simulation shows how the Barred Spiral 
Galaxy evolves, starting from a randomly distributed set of particles in an elliptical shape with a 
rotation as initial conditions. Notice bars, spiral arms, rings emerge and evolves.
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5. Supporting Discussion 
 
Galaxy With Log(r) Potential Has Constant Rotation Curve 
 
Having generated several simulated galaxies, a key question to address is the Rotation 
Curves of these galaxies. This is the curve describing the velocity of circular orbits around the 
center of the galaxy as a function of the orbital radius. Keplerian orbits have circular velocity of  
vk = µ / r as a function of its radius, r ; thus the circular velocity should become smaller the 
further we are away from the center of the galaxy. However, this is not what Rubin & Ford (4) 
1970 observed. Instead, as one goes away from the center of the galaxy, they found the circular 
velocity became a constant. This surprising result confirmed the previous observations of Oort 
(1) 1932 and Zwicky (2, 3) 1933 that there is missing matter in the galaxy, or Dark Matter as 
named by Zwicky. With the log(r) potential of the RNBP, we have already observed in Eq. (S2) 
that the circular velocity for the Two Body Problem is always a constant, vc = µ = ΓM . What 
about the rotation curve for each of our RNBP simulations? The surprising result we obtained is 
that even in the N-body case, the average circular velocity of the log(r) potential is still a 
constant, vc = ΓM , where now M = total mass of the galaxy. This is totally unexpected since 
we are starting from a set of N particles distributed somewhat arbitrarily in space and then 
evolved in time. We provide a sketch of the calculations. Basically, the rotation curve is reduced 
to two definite integrals which by symmetry and cancellations reduces to the constant circular 
velocity vc = ΓM . 
The rotation curve for N bodies at a distance r from the center of the N-bides is given by 
 
vc (r) = r
d〈Φ〉(r)
dr ,
〈Φ〉(r) = 12π Φ(
r ) r dθ
r =r
∫ ,     Φ(
r ) = −Γmi log
r − ri
i=1
N
∑ = Φi (
i=1
N
∑ r ),
 
( S8 ) 
where 〈Φ〉(r) is the azimuthal average of the log(r) gravitational potential of the galaxy at 
distance r from the center of the galaxy (Tremaine (22), Binney & Tremaine (23) ). 
 
To compute Eq. (S8), we assume the r ≠ ri  which is reasonable since there are only a 
finite number of particles which is a set of measure 0; then Φ(r ) is well behaved at a fixed 
 r =
r  so that we can exchange the integral and derivative to compute  
 
d〈Φ〉(r)
dr =
1
2π
∂Φ(r )
∂r  r dθr =r∫
= 12π
∂Φi (
r )
∂r  r dθr =r∫i=1
N
∑ ,
Φi (
r ) = −Γmi log
r − ri .
   ( S9 ) 
 
By linearity, we can compute each ith term under the summation in Eq. (S9) separately. Since we 
are averaging ∂Φi / ∂r over the circle of radius r , we can simplify the calculation by rotating the 
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coordinates so that ri = (ri, 0)  is on the X-axis. This enables us to break up the ith integral into two 
definite integrals of the form  
 
r cos(aθ)dθb + ccos(aθ)0
2π
∫ − ri
dθ
b + ccos(aθ)0
2π
∫      (S10) 
 
These are integrable (see Råde (28)) and with some algebra yields 
 
 d〈Φi 〉(r)dr =
Γmi
r .       (S11)  
 
Substituting Eq. (11) into Eq. (9), we obtain the rotation curve of N particles is a constant 
 
 
vc (r) = r
Γmi
ri=1
N
∑ = ΓM ,
M = mi
i=1
N
∑ .
      (S12) 
 
This is the same as the constant circular velocity of the Two Body orbits of the log(r) potential.  
 
 The significance of this calculation is that  Eqs. (9) – (12) is valid for ANY 
DISTRIBUTION of N particles in ANY CONFIGURATION during any time step of the 
simulation under the log(r) potential. The rotation curve is always a constant ΓM  and Dark 
Matter is not needed. 
 
As a corollary, since we are able to measure the rotation curve of real galaxies which was 
how Dark Matter was rediscovered by Rubin & Ford (4), this offers potentially a new approach 
to estimate the total mass M of a galaxy. Of course, since real rotation curves are not constant 
near the center of galaxies where most of the mass is concentrated, more careful thought is 
needed for estimating the total mass M this way. 
 
The Log(r) Potential Satisfies Gauss’ Law In 2D But Not In 3D 
 
The log(r) potential is harmonic in 2D but not in 3D. This means that while it satisfies 
Gauss’ Law in 2D, it does not satisfy Gauss’ Law in 3D. We will give a heuristic explanation of 
this observation and its consequences. A detailed proof will be provided in another paper. See 
Pauli (29) for insightful discussion on the Inverse Square Law and Gauss’ Law. Gauss’ Law 
states that for a potential Φ(r) which is harmonic, the flux F(S) of the force field ∇Φ(r) over a 
the boundary S of a compact n-dimensional manifold W is equal to κGM where κ is the surface 
area of the unit sphere in dimension n and M is the total mass enclosed by S. For our heuristic 
argument, first we assume a particle of mass M is at the origin and compute the Newtonian 
gravitational flux of M through a sphere S of radius r surrounding M. Let W denote the solid ball 
of radius r whose boundary is S. The Newtonian flux through S is 
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FNewton (S) = ∇ΦNewton (r)• dS
S=∂W
∫ =
GM
r2S∫
r2dΩ = 4πGM    (S13) 
where Ω is the solid angle of the unit sphere in 3D and r2dΩ = dS is the infinitesimal area 
element. For the Newtonian 1/r2 force law, the r2 terms in top and bottom of Eq. (S13) cancel to 
give 4πGM as the flux of the gravitational field through S. But for the log(r) potential, this 
cancellation fails and we get, instead, 
 
 
F(S) = ∇Φ(r)• dS
S=∂W
∫ =
ΓM
rS∫
r2dΩ = ΓM rdΩ
S
∫ = 4πrΓM .   (S14) 
But this has some serious consequences. For Eq. (S13), the Newtonian flux is a constant for any 
closed surface S enclosing the mass M. This is no longer true for Eq. (S14) because the flux 
F(S) = ΓM rdΩ
S
∫  now depends on r. For example, in Eq. (S14), the flux for a sphere of radius r 
is 4πrΓM, but the flux for a sphere of radius 2r is 8πrΓM. Hence the flux of the log(r) potential in 
3D depends on the different shapes and sizes of the enclosing surface S. It also depends on the 
location of the particle M. While this is annoying and inconvenient, it also suggests a possible 
way to estimate the distribution of matter inside a galaxy by computing and using the flux F(S) 
in some clever way. One possible approach for new measurements is to note that by Gauss’ 
Divergence Theorem, we have that  
 
 
F(S) = ∇Φ(r)• dS
S=∂W
∫ = ΔΦ(r)dW
W
∫ .     (S15) 
Since Φ(r) = log(r)  is not harmonic in 3D, Δ log(r) ≠ 0 , so the integral of the divergence 
∇ •∇Φ(r)  over the volume W is no longer 0 even when the volume W does not contain any 
sources (mass in our case). Thus, even at the far edge of the galaxy as we are on Earth, we still 
can measure a non-zero F(S)  which may yield some information about the mass distribution 
within our Milkyway Galaxy. Or by measuring F(S)  in a small volume in the direction of 
another galaxy like M31, we may be able to gain information about its mass distribution. 
 
6. References 
 
All references in the Supporting Information Appendix refer to the reference list of the main 
paper. 
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Assignment 3 1
Assignment N-body: The gravitational N-body problem
The N-body problem
Governing equations
Newton’s law of gravitation in two dimensions states that the force exerted on particle i by
particle j is given by
fij = −
Gmimj
r2ij
rij ,
where G is the gravitational constant, mi and mj are the masses of the particles, rij is the
distance between the particles, and rij is the vector that gives the position of particle i
relative to particle j. If ex and ey are unit vectors in the x and y directions, respectively,
then
rij = (xi − xj) ex + (yi − yj) ey ,
so that
r2ij = (xi − xj)
2 + (yi − yj)
2 .
Given a distribution of N particles, a straight-forward calculation of the force exerted on
particle i by the other N − 1 particles is given by (using C-syle indexing)
Fi = −Gmi
N−1∑
j=0,j "=i
mj
r2ij
rij, .
Note that by using another formula for the pairwise forces, other types of particle systems
governed by Newtonian mechanics can be modeled, e.g in electrodynamics and molecular
dynamics.
Using the symplectic Euler 1 time integration method, the velocity ui and position xi of
particle i can then be updated with
ani =
Fni
mi
,
un+1i = u
n
i +∆ta
n
i ,
xn+1i = x
n
i +∆tu
n+1
i ,
where ∆t is the time step size and ai is the acceleration of particle i. This straightforward
solution is prohibitively expensive for large values of N , since the total number of operations
required to compute the forces on all N particles at each time step grows as O(N2).
1The symplectic Euler method is a version of the explicit Euler scheme which is the most basic example
of a partitioned Runge-Kutta method (PRK). For the standard Euler scheme, the formula for xn+1
i
would
read xn+1
i
= xni +∆tu
n
i . The symplectic Euler scheme preserves global properties of the gravitational system
(e.g. total enery), while the standard Euler does not.
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Assignment 3 2
Problem Setting
In this assignment you will implement a code that calculates the evolution of N particles
in a graviational simulation. You will calculate the motion of an initial set of particles that
approximates the evolution of a galaxy. The L×W dimensionless domain (Use L =W = 1
in your simulations) has N particles with initial positions and masses given by
mi = 1 ,
xi =
L
2
+Ri cos(θi) ,
yi =
W
2
+ αRi sin(θi) ,
where Ri is a uniformly distributed random number between 0 and L/4 and θi is a uniformly
distributed random number between 0 and 2pi. The parameter α defines the ellipticity of
the initial distribution, and α = 0.25. The initial velocities of the particles is given by solid
body counterclockwise rotation such that
ui = −V R
′
i sin(θi) ,
vi = V R
′
i cos(θi) ,
where V = 50 and R′i =
√
(xi − L/2)2 + (yi −W/2)2. With G = 0.05, N = 2500, and
∆t = 10−4, the evolution of this initial distribution is shown in Figure 1.
Getting started
On the Assignments page of the course web site, you can find a gzipped archive named
assignment3calving.tar.gz for use on calving, or assignment3elaine.tar.gz for use
on the elaine. Download this archive and unpack it. The archive contains the file bounce.c
which should help you get started with the graphics routines that will help you debug. You
can compile this program by typing make bounce.
The bounce program uses X11 graphics, so you need an X display to use it. If you do
not already have an X server running, you can download one from
http://sourceforge.net/projects/xming.
Then, you need to configure your SSH client to allow X11 forwarding. In SecureCRT, this
is accomplished by opening the Session Options, and choosing the ”Remote/X11” option
under Connection and Port Forwarding. Check the box labeled ”Forward X11 packets”.
In PuTTY, check ”Enable X11 forwarding” on the X11 option under Connection, SSH in
the PuTTY Configuration window. If you are using the given code on elaine, you will
likely need to set your DISPLAY environment variable to your local IP address, followed by
:0.0 before you run bounce. On elaine, which uses tcsh by default instead of bash, the
command would look something like this:
setenv DISPLAY 171.66.17.52:0.0
where the IP address must be changed to match yours.
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Figure 1: Evolution of a galaxy with 2500 stars after 0, 500, 750, and 1000 Euler time steps.
Choice 1: Standard evaluation of the forces
If you do this (easier) version of the assignment, you can pass the assignment
but you will not be able to get any extra credit points.
You should write code that implements the standard N2 algorithm for computing the
force. You should present a study of the effects of N on the timing of your galactic simulation
over 10 time steps. You should list the results for N = 100, 200, 400, 800, 1600, 3200. The
time should be on a per time step basis, so if the above test is performed over 10 time steps,
then the time output is the average amount of time your routine took per time step over the
10 time steps, NOT including calls to graphics routines.
Choice 2: Divide-and-conquer (Barnes-Hut) evaluation
of the forces
If you do this (a little more involved) version of the assignment, you can get
extra credit points.
For many problem settings, the number of operations required for computing the force in
the N-body problem can be substantially reduced by taking advantage of the idea that the
force exerted by a group of objects on object i can be approximated as the force exerted by
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one object with mass given by the total mass of the group located at the center of gravity
of the group of objects, as shown in Figure 2. This is a reasonable approximation as long
as h/r << 1, which implies that the group of objects is sufficiently far away such that they
behave as one object.
Figure 2: Approximating a group of objects as one object that is sufficienctly far away, i.e.
h/r << 1.
This reduces the number of operations because if there are M objects in the group, then
M − 1 fewer forces need to be calculated in order to determine their net effect on object i.
The way to handle this algorithmically is to store the particles in a quadtree and compute the
forces on each object recursively. The idea behind a quadtree is to recursively subdivide the
domain into four quadrangles, and subdivide those quadrangles into further sub-quadrangles,
and so on, until only one object remains in each quadrangle, as shown in Figure 3.
The specific algorithm that employs the quadtree to compute the forces on a group
of objects is known as the Barnes-Hut algorithm. Specifically, the Barnes-Hut algorithm
involves the following high-level steps:
1. Build the quadtree for the particles or objects
2. Recursively compute the mass and center of mass of each quadrangle by adding up all
of the masses contained within that quadrangle.
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Figure 3: Adaptive grid in which each object is stored in its own quadrangle, and its asso-
ciated quadtree.
3. Compute the forces on each object by recursively traversing the quadtree.
The key ingredient of the Barnes-Hut algorithm is to decide whether or not to traverse down
the branches of a node and compute the forces resulting from the particles contained within
its branches, or just to stop at the current node and assume all of its particles can be lumped
into an equivalent mass at its center of mass. This is determined by the threshold θ, which
is usually less than 1, and is defined as
θ =
width of current box containing particles
distance to particle
.
You should write code that implements the Barnes-Hut algorithm and present a study
of the effects of θ and N on the timing of your galactic simulation over 10 time steps. You
should list the results of N = 100, 200, 400, 800, 1600, 3200, with θ = 0.1, .2, .4, .8, 1.6. The
time should be on a per time step basis, so if the above test is performed over 10 time steps,
then the time output is the average amount of time your routine took per time step over the
10 time steps, NOT including calls to graphics routines.
Report
Regardless of which algorithm you implement, you must to write a report describing your
project. The report shall contain the following sections:
• The Problem
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• The Solution (Describe the data structures, the structure of your code, and how the
algorithms are implemented. Are there other options, and why did you not use them?)
• Experiments, optimization and discussion. (Present experiments where you investigate
the performance of the algorithm and your code)
• A listing of the code (as an appendix).
The report should either be a PDF file or a Word document. The discussion to be held on
February 21 will cover LaTeX and writing reports.
Deadline
To submit your code and report, run the submit script on calving as follows,
/home/lambers/cme212/submit 3 filename
from the directory in which your project files are stored, where filename is the name of your
report file. In this directory, there should be a Makefile which builds your program on
calving when typing make. Also, create a README file where you explain how to use your
program, and place it in the same directory as your source files and Makefile before running
the submit script. If you are working on elaine, use this command to submit:
/usr/class/cme212/submit 3 filename
The due date is 11:59pm on Tuesday, February 26, 2008.
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8. Lambers (14), Questions Page (On error in Assignment 3), Feb 14, Feb 18, Feb 22, 
2008, http://stanford.edu/class/cme212/. 
  
This documents the error in Assignment 3 where Newton’s 1/r2 force was mistakenly set to 1/r as 
noted by the students and the instructor’s exchange. See notes on Feb 14, 18, 22. These are 
screen dumps from the course website: 
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II. Supporting Movies S1-S4 Legends 
 
Animations at: http://martinlo.com/Home/RNBP.html 
 Movie	  S1.	  Title:	  Cartwheel	  Galaxy	  &	  1/r	  Gravity	  Law	  	   File:	  LoMovieS1.mp4	   	   	   (9.7	  MB)	  Summary:	  This	  animation	  shows	  the	  simulations	  of	  the	  Cartwheel	  Galaxy.	  The	  particles	  are	  colored	  by	  their	  initial	  distance	  from	  the	  center	  of	  the	  galaxy	  as	  indicated	  in	  Frame	  0	  of	  the	  animation.	  This	  is	  in	  order	  to	  track	  the	  particles	  and	  see	  what	  kind	  of	  mixing	  takes	  place.	  Rings	  are	  generated	  by	  density	  waves	  from	  the	  center.	  Multiple	  rings	  are	  connected	  by	  spokes	  producing	  the	  cartwheel	  effect,	  hence	  the	  name.	  The	  animation	  divides	  the	  galaxy	  into	  bands	  of	  particles	  and	  to	  show	  how	  the	  bands	  evolve.	  The	  bands	  of	  particles	  are	  not	  mixing	  from	  one	  band	  to	  the	  other.	  	  Movie	  S2.	  Title:	  Spiral	  Galaxy	  &	  1/r	  Gravity	  Law	  	   File:	  LoMovieS2.mp4	   	   	   (8.7	  MB)	  Summary:	  This	  animation	  shows	  the	  simulations	  of	  the	  the	  Spiral	  Galaxy.	  The	  particles	  are	  colored	  by	  their	  initial	  distance	  from	  the	  center	  of	  the	  galaxy	  as	  indicated	  in	  Frame	  0	  of	  the	  animation.	  This	  is	  in	  order	  to	  track	  the	  particles	  and	  see	  what	  kind	  of	  mixing	  takes	  place.	  The	  Spiral	  arms	  are	  formed	  by	  density	  waves	  which	  are	  incomplete	  rings.	  This	  produces	  bands	  and	  smaller	  rings	  which	  survive.	  This	  animation	  shows	  spiral	  galaxies	  as	  incomplete	  cartwheel	  ring	  galaxies.	  	  Movie	  S3.	  Title:	  Uniform	  Galaxy	  &	  1/r	  Gravity	  Law	  	   File:	  LoMovieS3.mp4	   	   	   (7.9	  MB)	  Summary:	  This	  animation	  shows	  the	  evolution	  of	  a	  set	  of	  particles	  uniformly	  distributed	  in	  Cartesian	  coordinates	  in	  a	  circular	  region.	  Interestingly,	  the	  particles	  first	  clump	  and	  from	  filaments	  and	  voids	  which	  resemble	  the	  large	  scale	  structure	  of	  the	  universe.	  It	  then	  evolves	  into	  a	  galaxy	  with	  a	  broken	  center	  with	  multiple	  arms.	  It	  is	  trying	  to	  form	  a	  center	  but	  never	  succeeds	  until	  it	  finally	  evolves	  into	  an	  elliptical	  galaxy.	  	  Movie	  S4.	  Title:	  Galaxy	  Collision	  &	  1/r	  Gravity	  Law	  	   File:	  LoMovieS4.mp4	   	   	   (7.2	  MB)	  Summary:	  This	  animation	  shows	  the	  collision	  of	  two	  galaxies	  using	  the	  galaxies	  from	  Case	  A	  and	  Case	  B	  with	  slightly	  less	  number	  of	  particles.	  After	  repeated	  collision	  encounters,	  the	  two	  galaxies	  merge	  to	  form	  an	  elliptical	  galaxy	  with	  a	  bar	  in	  the	  center.	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